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We describe an approach to classifying four-dimensional conformal
field theories with N=2 supersymmetry and a Coulomb branch of vacua
with the topology of the complex plane[1]. We also discuss the Higgs/mixed
branches and conformal/flavor central charges.
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1 Introduction
The idea of treating QFTs as universal mathematical objects is motivated by the ap-
plication of QFTs in describing diverse physical systems. Then the following natural
questions arise:
• How do we precisely define and characterize them?
• How can we classify them?
In very broad terms, QFTs can be organized into different subclasses by their
space-time dimension, and the presence of supersymmetries (SUSYs) and internal
global symmetries. In this report, we will be interested in d=4 QFTs with N=2 su-
perconformal symmetry, or d=4 N=2 superconformal field theories (SCFTs). It is
well known that most of the d=4 N=2 SCFTs admits no conventional Lagrangian
description[2, 3, 4]. However, it turns out that the N=2 superconformal symmetry
leads to significant constraints on the structures of the theories, like the operator
algebras and correlation functions. Especially, the N=2 SCFTs can be characterized
by a relatively small set of data. Hopefully, this data can be used to uniquely define
a theory.
However, this data is notably difficult to solve for purely on grounds of symmetry
considerations. So it is hard to pursue a general classification which reflects the
intrinsic definition of N=2 SCFT.
In fact there is one merit of N=2 superconformal symmetry which sheds light
on the classification problem. It is that the N=2 superconformal symmetry also
enables powerful theoretical control over the dynamics of the system and leads to
exact results for various interesting physical observables. Quite often those exact
observables encode important and tractable information about the SCFT data.
One important example is the so called Seiberg-Witten (SW) data. By the Seiberg-
Witten data we just mean the collection of low-energy observables which can be
exactly predicted by N=2 supersymmetry[5]. As we will review below, this is encoded
in a geometrical object, called the Coulomb branch (CB). We call the dimension of the
CB the “rank” of the CB. Various N=2 SCFT data enter the geometry of the Coulomb
branch in rather non-trivial ways. This motivates us to attack the N=2 classification
problem by directly considering the classification of Seiberg-Witten geometries of
the Coulomb branches. By further imposing certain physical constraints on the low
energy effective dynamics, we will show in section 2 the result of the classification of
a subset of N=2 SCFTs, namely, the planar rank-1 d=4 N=2 SCFTs.
Once we have established the existence of these theories, it is desirable to under-
stand other interesting physical observables. In section 3, we will discuss two subjects,
namely, Higgs/mixed branches and conformal/flavor central charges. They can often
be exactly determined by various available methods.
1
2 Seiberg-Witten geometry and classification of
d=4 N=2 SCFTs
Let’s firstly review certain general features of d=4 N=2 SCFTs and N=2 RG flows.
Any N=2 SCFT has a global U(1)R × SU(2)R symmetry, and one can organize the
operators into different protected sectors according to their R-charge assignments.
For our purposes, we will be interested in the following four types of operator super-
multiplets: Coulomb branch operators, Higgs branch operators, energy-momentum
tensor operators, and conserved flavor current operators. The reason for this choice
lies in the fact that the vevs of Coulomb branch operator and Higgs branch operators
parametrize the moduli space of N=2 vacua, and the operator product coefficients
of the energy-momentum tensor/conserved flavor current operators give the confor-
mal/flavor central charges.
All the possible deformations of N=2 SCFTs by N=2 preserving local couplings
span the N=2 theory space. Note that the local deformations in the vicinity of an
N=2 fixed point can be classified as irrelevant, exactly marginal, or relevant deforma-
tions. While we will be mainly interested in the exactly marginal and relevant cases
for the sake of their connection with IR dynamics, there could be subtle issue related
to “dangerously” irrelevant operators which develop into extra relevant operators in
the IR fixed point theory. However, we have argued in [1] that such a possibility is
absent for the N=2 RG flow, and then we need only consider the so-called “safely”
irrelevant deformations. Also, we will mainly discuss the mass deformation associ-
ated with moment map operator (∈ f∗) of the flavor current, and their associated
mass parameters mi which have scaling dimension D(mi) = 1. Upon flavor sym-
metry transformation, mass parameters are valued in the Cartan subalgebra of the
complexified flavor algebra fC.
The moduli space of N=2 vacua consists of several branches, each factorized into
a “Coulomb branch factor” and a “Higgs branch factor”. This local product structure
is implied by the N=2 selection rules on the low energy dynamics[6]. We will call
the branch without Higgs branch factor as the Coulomb branch, and the complex
dimension of Coulomb branch as the rank. Now let’s consider the N=2 SCFTs with a
1-complex-dimensional Coulomb branch homeomorphic to the complex plane; we will
refer to them as planar “rank-1” d=4 N=2 SCFTs. Then the low energy dynamics
in Coulomb branch is the subject of Seiberg-Witten theory, as described below.
The spontaneously broken scale symmetry (and related U(1)R symmetry) implies
a C∗ action on the Coulomb branch which gives the rank-1 case the structure of a
complex cone with defect angle. The Coulomb branch vev u has positive scaling
dimension D(u). Unbroken N=2 supersymmetry, electric-magnetic duality, and the
Dirac quantization condition imply a rigid special Ka¨hler (RSK) geometry on the CB
which can be described in terms of a fibration of complex tori over the CB. Further-
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more, the singularity associated with degenerate tori lies at the origin of Coulomb
branch and can be determined by the conjugacy class of monodromies in the EM du-
ality group taken by the loop surrounding the singularity. The full list of the possible
singularities is given by Kodaira’s ADE classification of singular elliptic fibrations
over the complex plane[7].∗
Upon deforming the SCFT by generic mass terms, the scaling symmetry and flavor
symmetries are both broken explicitly. The Coulomb branch is not a complex cone
anymore, and the singularity will be split into a group of undeformable singularities.
The deformation by non-generic mass terms will also beinteresting to us, for they
can connect different N=2 SCFTs through RG flow by taking a proper scaling limit
around the particular singularity.
A powerful algebraic recipe associated with Seiberg-Witten theory is the so-called
Seiberg-Witten curve and (meromorphic) one-form[5]. The curve contains the Weyl-
invariant homogeneous polynomials of the mass parameters. The one-form is required
to satisfy rigid special Ka¨hler (RSK) conditions constraining its u- andm-dependence.
By a specific ansatz the one-form encodes the flavor symmetry by summing over
the several Weyl orbits on the weight spaces[4, 8]. Then the further consideration
of scaling limit and RG flows at various non-generic mass patterns, together with
the “safely” irrelevant deformation conjecture, will result in a subset of the planar
Seiberg-Witten geometries as the consistent low energy theories of N=2 SCFTs[1].
In the end, we finish the classification of planar rank-1 N=2 SCFTs, and they
can be uniformly labeled by their CB scaling dimension D(u) and flavor symmetry
algebra f, as SCFT[D[u], f]. Among them, there are two interesting series depending
on their flavor symmetry pattern:
• f is ADE type, that is the ADE-series. The Coulomb branches of those theories
correspond to the maximal deformation of the Kodaira singularities. All of them
admit N=2 S-duality [9, 10] and in turn “class-S” constructions [11, 12]. They
also have F-theory constructions[13, 14, 15].
• f contains an sp factor; we call these theories the “sp-series”. The Coulomb
branches of these theories correspond to the submaximal deformation of the
Kodaira singularities. All of them also admit N=2 S-duality and in turn class-S
construction, while no known F-theory construction exists.
∗Note that the terminologyADE is related to the Dynkin diagram associated with the intersection
form of the blow-up cycles.
3
3 Higgs/mixed branches and conformal/flavor
central charges
Higgs/mixed branch structures and conformal/flavor central charges are important
N=2 SCFT data. Both of them can be related to the N=2 OPE algebra, as described
below. In the case of theories admitting S-dual descriptions, one can obtain exact
results about them. Furthermore, there exists a general method applicable to the
theories without S-dual description for computing central charges by considering the
topological twisted Coulomb branch partition function and Seiberg-Witten data[16].
Higgs/mixed branch. The ADE-series of rank-1 theories admit F-theoretic con-
structions in terms of world volume theories on one D3 brane parallel to a 7-brane
system of type ADE and therefore their Higgs branches can be interpreted as the
moduli spaces of centered single instantons of ADE gauge groups[17]. In turn it is
well known that the centered one-instanton moduli space of group F is equivalent to
the minimal nilpotent orbit of group FC[18]. The minimal nilpotent orbit description
makes explicit the complex symplectic structure of the Higgs branch. In particular,
the Joseph ideal — which is the quadratic polynomial defining minimal nilpotent
orbit as subvariety in F ∗
C
— can actually be understood as the OPE relation for the
Higgs branch chiral ring.
One may hope to generalize this connection and derive the Higgs/mixed branch
structure from N=2 chiral ring relations directly. However, the flavor representations
for the Higgs branch operators involved for mixed branches are not adjoint representa-
tion generally, so we need go beyond coadjoint orbits and consider more general cases
involving the orbit structure of flavor group action on general representations. Again,
the N=2 chiral ring relations can be used to derive quadratic polynomial defining
relations for the Higgs branch factor of the mixed branch. By further considering the
OPE relation with Coulomb branch operator, one may deduce the fibration structure
of the mixed branch[1].
Now let’s turn to the theories admitting S-dual descriptions. They involve the
conformal manifolds — i.e., the spaces of exactly marginal couplings — of N=2
superconformal lagrangian theories, and the isolated rank-1 SCFTs emerge when
the complexified gauge couplings are taken to specific limits. It is often possible
that various coupling-independent properties of isolated strongly-coupled SCFTs can
be deduced from the weakly-coupled lagrangian description. As mentioned above,
ADE-series and sp-series SCFTs admit S-duality constructions, and therefore their
Higgs/mixed branches can be exactly determined. Due to the space limitations, we
will redirect the interested reader to our work [1] for more details.
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Conformal/flavor central charges. We now turn to the computation of the con-
formal/flavor central charges of rank-1 N=2 SCFTs. For the theories admitting S-dual
descriptions, while the conformal central charges can be determined readily, the flavor
central charge can only be determined for the semi-simple parts of the flavor sym-
metry due to the lack of suitable normalization for the Dynkin index for the abelian
flavor symmetry factors.
There exists another method by Shapere and Tachikawa for computing these cen-
tral charges from the low energy data on the CB[16]. It also requires the flavor
symmetry group to be semi-simple. In it, an N=2 SCFT is put on a curved manifold
with a non-trivial metric and a background gauge field for the flavor symmetry group
F via the twisting of the SU(2)R with one of the SU(2)’s of SU(2)×SU(2) ≃ SO(4)
of the tangent bundle. A topologically twisted sector of the theory is still protected
by a supersymmetry such that one can relate the various central charges of the UV
theories to various IR data. The dimension of the mixed branch and the action of
the flavor group on it turn out to be important inputs into this computation[1].
4 Summary
In conclusion, we have shown the existence and classified a set of d=4 N=2 SCFTs
with planar Coulomb branches, and obtained interesting information about their
Higgs/mixed branches and conformal/flavor central charges. Here are several future
directions:
• Certain puzzles about the computation of the flavor central charges for the
abelian symmetry are still remain, and it would be interesting to develop new
methods to address them.
• The F theory construction for the ADE-series can give the flavor symmetry
manifestly by a string junction/web construction[15]. It would be interesting
to obtain similar constructions for other rank-1 theories, especially for the sp-
series.
• It will be interesting to extend our methods to explore the classification of N=2
SCFTs of higher ranks, i.e., by considering Coulomb branch singularities and
RSK deformations.
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